We investigated a bifurcation structure of coupled nonlinear oscillation of two spherical gas bubbles subject to a stationary sound field by means of nonlinear modal analysis. The goal of this paper is to describe an energy localization phenomenon of coupled two-bubble oscillators, resulting from symmetrybreaking bifurcation of the steady-state oscillation. Approximate asymptotic solutions of nonlinear normal modes (NNMs) and steady state oscillation are obtained based on the method of multiple scales. It is found that localized oscillation arises in a neighborhood of the localized normal modes. The analytical solutions of the amplitude and the phase shift of the steady-state oscillation are compared to numerical results and found to be in good agreement within the limit of small-amplitude oscillation. For larger amplitude oscillation, a bifurcation diagram of the localized solution as a function of the driving frequency and the separation distance between the bubbles is provided in the presence of the thermal damping. The numerical results show that the localized oscillation can occur for a fairly typical parameter range used in practical experiments and simulations in the early literatures.
Introduction
Small cavitation bubbles repeatedly change their volume in an oscillating pressure field, accompanied frequently with jetting and splitting into fission fragments [1] and subsequent coalescence. Such continuous response of the oscillating bubbles is referred to as stable acoustic cavitation [2] , which is employed in many engineering applications such as ultrasonic cleaning [3] , ultrasound imaging [4, 5] and therapy [6] . The interactions between sound and cavitation bubbles have been extensively investigated since the resonant phenomenon of the bubble oscillation is an important mechanism of the above applications.
The external acoustical energy is continuously localized to oscillating bubbles and subsequently released to surroundings as the secondary radiation pressure which, in turn, drive the neighboring bubbles, leading to the mutual interaction of the oscillating bubbles. We can consider the bubbles as nonlinear oscillators coupled by the radiation pressure, and readily analyze the motion of the bubble walls on the basis of fairly mathematical treatments: that is to say the spherical bubble dynamics with time-varying radii R i ðtÞ. As the dynamical behavior of the bubble population is practically of importance to improve the validity of ultrasonic techniques, the coupled oscillation of resonant bubbles has been studied intensively for many years.
At the outset of the theoretical studies on the coupled bubble oscillation [7, 8] , solid mathematical consequences have been offered by linear modal analyses. Zabolotskaya [7] analyzed linear normal modes (LNMs) of two gas bubbles pulsating in a liquid based on the Lagrangian formalism, and showed that the linear normal frequencies depends on the separation distance between the two bubbles. Takahira et al. [8] provided a general derivation of coupled N bubble dynamics accounting for the translational motion and deformation of the bubbles on a basis of a potential solution. The resulting eigenvalue problem concluded that the eigenfrequency of the fundamental normal mode is much smaller than that of an unbounded single bubble. However, in contrast to linear systems, extremely complex behaviors are encountered in nonlinear systems [9] . Although nonlinear spherical dynamics of a single bubble and its bifurcation structures such as subharmonic generation, period-doubling bifurcation and chaotic oscillation have been explored [10] , little is known about the bifurcation structures of the coupled bubble dynamics; most of the studies [11] [12] [13] [14] [15] have been employed numerical techniques.
The numerical study of Takahira et al. [11] demonstrated the period-doubling bifurcation and accompanying chaotic oscillation of interacting multi-bubble systems. The fundamental feature identified in the analysis is that equal-sized bubbles with the same initial radii arranged in a symmetrical configuration all take on the same behavior similar to that of an unbounded bubble, whereas bubbles in a cluster with different initial equilibrium radii cannot oscillate independently from one another but experience a http://dx.doi.org/10.1016/j.ultras.2016. 10 .008 0041-624X/Ó 2016 Elsevier B.V. All rights reserved. collective behavior. Macdonald [12] also reported numerical results of the same collective behavior in the multi-bubble interaction of ultrasound contrast agent microbubbles.
Herein, we particularly focus on nonlinear localization [9, 16, 17] or symmetry-breaking bifurcation [18] of the mutual bubble interaction in which the total vibrational energy of the system is confined to some bubbles due to the nonlinearity of the bubble oscillation even though they are equally-sized and arranged in a symmetric configuration. Similar nonlinear phenomenon has been theoretically investigated as spatial resonance in a damped and periodically driven chain and oscillator arrays with a periodic boundary condition [19, 20] , and experimentally observed in micromechanical systems [21, 22] . This symmetry-breaking property is one of the distinctive feature of the localized oscillation considered in this study. The assumption of the symmetrical arrangements and equal-sized assumption have been used in numerical investigation of the effects of bubble sizes and spatial arrangement on the coupled bubble dynamics [13] [14] [15] 23] . However, the fundamental bifurcation structure of the coupled bubble dynamics has not been addressed because most of the above studies are based on numerical investigation.
The linear modal analyses have been definitely powerful tools for interpreting the underlying linear system. However, they are still inadequate to properly describe the complicated nonlinear phenomena. For a general survey of the bifurcation structure of the coupled bubble dynamics, analytical investigation of nonlinear normal modes (NNMs) [9, 16, 24] is an essential approach to a greater insight on the structural nature of the multi-bubble dynamics. At the first attempt of NNMs, Rosenberg [25] [26] [27] extended straightforwardly the concept of LNMs to nonlinear vibration systems and defined an NNM as a vibration in unison where all mass points in the system display periodic motions with the same period. In the definition, all displacements pass through their equilibrium points and reach their extreme values simultaneously. It should be also noted that NNMs inherit the invariance property of LNMs (i.e., motions that depart from the NNM confined in it for all time), which is exploited to derive the NNMs in the perturbation analysis of this study.
There have been a few studies which used a perturbative method to obtain the steady-state solution of bubble oscillation. Prosperetti [28] presented a second order steady-state solution of Rayleigh's equation of motion for the bubble wall by means of an asymptotic expansion method. The analytical result enabled it evident to predict the multivalued solution of the nonlinear oscillation and the unstable region of subharmonic resonance as well as their hysteresis behavior. Francescutto [29] used an asymptotic method of multiple scales to obtained explicit and simpler formulas for the second order approximate solution. Nevertheless, nonlinear resonance of the vibration modes among multiple bubbles are still unclear since these results are for a single bubble. We employ the method of multiple scales [24, 30] to derive NNMs of the coupled bubble oscillation and investigate the internal resonance [24] of the steady-state amplitude and the phase shift.
In the present study, we will restrict the analysis to a resonant pair of two bubbles. In order not to limit the generality, the bubble sizes are allowed to be different in the perturbation analysis (Section 3), but assumed to be similar so that the two uncoupled natural frequencies of isolated bubbles have a slight difference by the order of Oð 2 Þ where is a dimensionless oscillation amplitude.
Since the aim of this paper is to investigate the bifurcation structure of the radial dynamics of a resonant pair of bubbles, the separation distance of the bubbles is assumed to be unchanged by the translational instability [31] due to Bjerknes forces, while it is important to account for the transient response and hysteresis property for a full understanding of the bubble structure dynamics [32] . The circumstances of a fixed bubble distance is not improbable but achieved in the case of surface cavitation bubbles attached on a solid surface [33, 34] . Because of the adhesion between the bubble and wall surface the bubble mobility is decreased, and the bubble distances tends to remain almost fixed. Additionally, the effect of the wall boundary is replaced with a mirror image of the real bubble. This allows the dynamics of the hemispherical bubble to be well described by the Rayleigh-Plesset equation for a spherical bubble in an unbounded space.
In Section 2, the equations of radial motion for the coupled dynamics of two spherical gas bubbles are presented, and the linear theory is summarized to illustrate the basic concept of normal modes. Perturbation analysis in Section 3 provides the approximate solution of the steady-state oscillation, and the NNMs of the two-bubble system are developed from the perturbation solution obtained. Section 4 performs numerical calculations for large amplitude oscillation in a broader range of parameter space. Important findings and conclusions are summarized in Section 5.
Radial dynamics of two spherical bubbles
We consider two gas bubbles separated by a fixed distance in a liquid driven by a stationary sound field sketched in Fig. 1 . The wave length is assumed larger enough for the two bubbles to experience the equal driving pressure. Bubble oscillations are inertially controlled by periodic pressure change in the far field, and develop a secondary sound field without distorting each others' sphericity. The radiation pressure induced by one of the bubbles, bubble 1, measured at the center of the other bubble, bubble 2, is where V 1 is the time-varying volume of bubble 1, d is the separation distance between the bubble centers which is enough larger than the wave length for the bubbles to remain spherical with the time-varying radii R 1 ðtÞ and R 2 ðtÞ, respectively, and c is the (constant) speed of sound. The radiation pressure is evaluated in the retarded time-frame, w ¼ t À d=c, due to the finite speed of sound. Eq. (1) is exerted on the neighboring bubbles as an additional driving pressure, and their resulting spherical dynamics are coupled with each other. Herein, the liquid is assumed to be cold, and the vapor pressure is omitted from the bubble contents, while the linear thermal damping [35, 36] was used in the numerical simulation (Section 4). The contribution of the translational motion is higher-order correction and can be neglected in the following perturbation analysis in Section 3. The model limitation of neglecting the translational dynamics is given in Appendix A. based on a scale analysis. Shape and dissolution instabilities [31, 37] are neglected while they are generally needed to account for lifetimes of oscillating cavitation bubbles. The bubble fission [1] and rectified diffusion [38] are also not taken into account because the scope of this study is to identify the bifurcation structure of the spherical bubble oscillators.
Equations of radial motion
For spherical dynamics of an oscillating bubble of radius R i ðtÞ, we use a modified form of the coupled Keller-Miksis equation [39] which accounts for the liquid compressibility to the first order. Adding the radiation pressure, p r ðd; tÞ, as a secondary driving term into the external driving pressure and neglecting coupling terms of higher order [10, 40] lead to the equation of radial motion of bubble 2 [41] :
where dots denotes time differentiation, q is the equilibrium density of the liquid, p 0 is the hydrostatic pressure in the far field, p ex ðtÞ ¼ p a sin xt is the external driving pressure, and p 2 ðR 2 ; _ R 2 Þ is the liquid pressure at the bubble wall.
We assume that the behavior of the gas in the bubble is approximately polytropic and set
where R 20 is the equilibrium radius of bubble 2, S is the surface tension, j is the polytropic index, and l is the liquid viscosity. The equations for bubble 1 is obtained by exchanging the indices 1 and 2 in Eqs. (2) and (3). The adiabatic natural frequency of an uncoupled bubble of R 0 in radius at rest in an unbounded space is given by
where c is the ratio of specific heats.
Dimensionless form
In the following perturbation method, it is convenient to nondimensionalize the equations of motion. Substituting
Ã , the equations motion of the two bubbles are reduced to
where D symbolizes small perturbation of the corresponding variables and p 
Here, all the dimensionless parameters are defined with respect to
where R Ã is the ratio of the initial radii, d Ã is the dimensionless separation distance, A Ã is the driving pressure normalized by the static pressure in the far field, x f is the angular frequency, C is the speed of sound in the liquid, and Eu, We and Re are Euler, Weber and Reynolds number, respectively. Since the temporal time is nondimesionalized using the natural frequency of an unbounded bubble, the order of the velocity and that of the acceleration of the bubble wall do not change after time differentiation, given that the excitation frequency is near the natural frequency of the bubble (x f % 1).
Therefore, the order of _ Dx and that of € Dx are assumed the same as that of Dx in the primary resonance considered in this study. Throughout the perturbation analysis, we can assume small amplitude oscillation and set the order of Dx; Dy and their derivatives to be a small but finite dimensionless quantity .
Linear normal modes
Linear truncation of Eqs. (5)- (8) with respect to D leads to
Note that the coupling terms are evaluated with respect to the retarded time [42] , t
Here, the third order derivatives in Eqs. (10) and (11) are approximated by linear solution:
Substituting Eqs. (12) and (13) into Eqs. (10) and (11) yields
or given in a vector form by retaining only the homogeneous terms with respect to x¼ Dx; Dy ð
where x i ði ¼ x; yÞ is the partial natural frequency of the individual bubbles, c i is the damping coefficient due to the viscous and radiation effects, l i is the strength of the acceleration's coupling term which is inversely proportional to the separation distance, and e i is the driving amplitude of the acoustic pressure. Expressions for these parameters and matrices M; C; K and F are listed in Appendix B. Eq. (16) is a damped Mathieu-type equation driven by a harmonic excitation, and the forth term on the left hand side give rise to parametric instability when the driving amplitude and frequency satisfy specific conditions. However, we can neglect this parametric resonance term in the small amplitude approximation. In general, a N degrees-of-freedom linear oscillation system can have N natural frequencies and corresponding LNMs which are derived from the eigenvalue problem of M À1 K. We denote by x L1 and x L2 the modal natural frequencies of the LNMs of the system as
where
In the absence of the retarded effect (s Ã ¼ 0), Eqs. (17) and (18) are identical with that of Zabolotskaya [7] termed as the partial natural frequency in the paper. Particularly for equally-sized two bubbles, the above equations become
whose oscillation are in-phase and out-of-phase, respectively. The corresponding LNMs are described in Fig. 2 where the dimensionless parameters used are for case given in Table 1 . The LNMs are uniquely specified by the ratio between the inertia and stiffness of the system and invariant with respect to the state of motion; L1 and L2 are depicted as a straight vertical line in Fig. 2 which indicates that the LNMs are not functions of the oscillation amplitude. Note that the forced oscillation of a two degree of freedom system has two resonance points in the neighborhood of the LNMs. Therefore, it is worth exploring normal modes and their normal natural frequencies for understanding the global dynamics of the coupled oscillating system. In the next section, we readily extend the concept of LNMs to the nonlinear modal analysis of the two-bubble oscillators. 
Since the retardation time is assumed to be small compared to the driving period (s Ã ( 2p) in the derivation [42] , the order of s Ã is set at Oð1Þ. This indicates that the following analysis is restricted to relatively small separation distance (d Ã ( 2pC) with the presence of the retarded effect.
Perturbation solution
To obtain the approximate solution of Eqs. (22) and (23), we use the method of multiple scales [30, 43] . Instead of using the driving frequency, x f , as a control parameter, we use a detuning parameter, r ¼ 2r , which indicates the deviation of x f from x x such that
Here, we consider nearly equal-sized bubbles and denote the difference of the natural frequencies of the bubbles by a ¼ 2â in the form
On the basis of the method of multiple scales, we introduce three time scales t 0 ¼ t
where D k ¼ @=@t k denotes partial differentiation with respect to t k . The approximate solution of Dx and Dy as functions of these multiple time scales are assumed in the form
where successively determined x i and y i are the solution of the i order. After substituting Eq. (24)- (28) into Eqs. (22) and (23) and collecting powers of , we find a set of partial differential equations.
OðÞ:
Oð 3 Þ:
The general solutions of Eqs. (29) and (30) are
where cc stands for the complex conjugate of the preceding terms on the right hand side. Substituting Eqs. (35) and (36) into Eqs. (31) and (32) yields
The first terms on the right hand side of Eqs. (37) and (38) produces secular terms in x 2 and y 2 , respectively, which make the solution grow unboundedly in time. To eliminate the secular terms, we exert solvability conditions:
Solving Eqs. (39) and (40), A x and A y turn out to be a function of only t 2 . The solutions of Eqs. (37) and (38) are given by
Similarly, substituting Eqs. (35), (36), (41) and (42) into Eqs. (33) and (34) leads to solvability conditions so as to eliminate the secular terms in x 3 and y 3 :
To solve Eqs. (43) and (44) for A x and A y , we transform complex functions A x and A y into the polar form
where a x ; a y ; / x and / y are real functions of t 2 . Substituting Eqs. (47) and (48) into Eqs. (43) and (44), and separating the results into real and imaginary parts, a set of amplitude equations for the oscillation amplitude and the phase shift are obtained.
where the scaled parameters by using are reset to the original form without ð^Þ. Substituting Eqs. (47) and (48) into Eqs. (35) and (36) yields the first approximate solution
Nonlinear normal modes
In analogy with the LNMs, we consider undamped free oscillation of Eqs. (49)-(52). Dropping the damping and driving terms, the amplitude equations for NNMs are given by
Recalling the definition of normal modes that motions which depart from a NNM confined in it for all time, we consider the steady-state solution of Eqs. (49)- (52) 
On the NNMs, the bubbles oscillate at the same frequency, x, which are determined by Eqs. (63) and (64). In order to complete understanding a bifurcation structure of the normal modes, the case of equally-sized bubbles is considered in the following. In this case (a ¼ 0), one can analytically obtain the oscillation frequency and amplitude at the bifurcation point. Straightforward calculations using the symmetric property of the system and Eq. (60) lead to
where K y and l y are replaced by K x and l x owing to the equality of the bubble sizes. Assuming a x and a y to be positive quantities without loss of generality, Eq. (65) produces
Therefore, we obtain four types of NNMs:
N4 : a x 6 a y ; / x À / y ¼ 0 ðLocalized modeÞ where Ni (i ¼ 1; 2; 3 and 4) denotes a branch of the four types of NNMs. The non-localized normal modes N1 and N2 correspond to in-phase and out-of-phase motions. Localized modes N3 and N4 indicate a localized oscillation where the total vibration energy of the system is not evenly shared between the oscillators, but confined to either one. Fig. 2 illustrates the NNMs as a function of oscillation frequency where the LNMs, Li (i ¼ 1; 2), are also depicted for comparison. The frequency of N1 and N2 decreases with increasing oscillation amplitude, and they asymptote to their linear counterparts L1 and L2 in the limit of zero-amplitude. The in-phase mode, N1, splits up at the bifurcation point, P b , and the localized normal modes, N3 and N4, emerge on either sides of N1 as a result of a pitchfork bifurcation (i.e., symmetry-breaking). It follows that nonlinear localized resonance is expected in the neighborhood of the localized NNMs if the vibration amplitude exceeds a certain critical value. What is notable is that nonlinear localization can occur even in an equal-sized pair of bubbles which has no structural detuning but is completely symmetric. The amplitude and the frequency at the bifurcation point, P b , are given by
The amplitude at P b is proportional to the square root of the ratio between the magnitude of the nonlinearity and radiation coupling. In contrast, the frequency at P b is just a linear function of the coupling coefficient. We note that these results are valid only for a limited parameter space under the small-amplitude approximation. Furthermore, the bifurcation structure and their stability highly depend on energy dissipation because the damping effect tends to smooth out the energy localization.
Steady-state solution
The steady-state amplitude, the phase shift of Dx and Dy and their linear stabilities are shown in Fig. 3 as a function of the driving frequency. It is clear that the forced oscillation occurs in the neighborhood of the NNMs as is the case with linear resonance; The branches a1 and a2 (in-phase oscillation) result from the inphase normal mode N1, and the branches a3 and a4 (localized oscillation) arise from the localized normal mode N3 and N4, respectively. Out-of-phase motion associated with N2 is not in resonance for this case. We found that the branch a1 is connected to a saddle-node bifurcation point at its right end, and a supercritical pitchfork bifurcation appears at the left end of a2. Consequently, there arises no stable synchronized motion between the two bifurcation points. Instead, the localized solutions, a3 and a4, branch out from the pitchfork bifurcation point. We also notice that the localized branch a4 intersects with the non-localized branch a1, and three stable solutions coexist within a narrow range of the driving frequency. Comparison with the numerical results show a good agreement over the range of the parameter limit. In general, more complicated bifurcation patterns are to be expected in other two-oscillator with different nonlinearities and topologically equivalent nonlinear systems. For reference, a bifurcation diagram for the case of larger bubbles of 100 lm in radius are presented in Appendix C. Since the larger bubbles have lower damping constants due to higher bubble wall Reynolds number, Hopf bifurcation and accompanying quasi-steady oscillation are found in Fig. 10 in addition to the symmetry-breaking bifurcation.
In Fig. 4 , these four types of steady-state solutions are described in Dx À Dy configuration space. The non-localized solutions, a1 and a2, look like a straight line with a positive slope of unity in Fig. 4(a) and (b) because of the completely synchronized in-phase motion, while the plot of localized solutions, a3 and a4, are an elongated closed orbit with an oblique axis. The orientation of the axes are due to the localization of the phase difference shown in Fig. 3 .
The steady-state amplitude and the phase shift as a function of the separation distance d Ã ð¼ d=R 10 Þ are shown in Fig. 5 where the driving frequency is fixed to x f ¼ 0:97. The branch bi, respectively, corresponds to the branches ai in Fig. 3 for the same i ¼1,2,3 and 4. The similar bifurcation structures (i.e., pitchfork and saddle-node bifurcations) are also the case as with Fig. 3 . That is, multivalued stable solutions arise by increasing the separation distance, leading to a drastic jump of the steady-state at d Ã ¼ 90 where the phase difference / y À / x changes from p=2 to zero. This indicates that even a small coupling effect exerted from neighboring bubbles are essentially negligible in such nonlinear regime. The immediate question is to which solution does the system converge for a typical initial condition. It requires observation of the sensitive Eqs. (43)- (48). Numerical curves were obtain by time-integration of Eqs. (5) and (6). dependence of the long-time behavior on the initial conditions and is beyond the scope of this paper. Fig. 6 presents the effect of non-zero retardation time on the steady-state solution. The parameters are the same as Fig. 3 (case B) except for the presence of the retardation effect. The primary difference from Fig. 3 (no time delay) is that one pair of additional localized steady-state solutions, c5 and c6, arise in the neighborhood of N2 (out-of-phase mode) as a result of symmetry-breaking bifurcation of c2. Indeed, out-of-phase oscillations of c5 and c6 are evident from the bifurcation diagram of the phase shift in Fig. 6 . We also note that the peak amplitude of c3 and c4 are damped compared to Fig. 3 . These differences are due to the additional damping term, i.e., non-diagonal elements of the damping matrix C in Eq. (16) . In fact, the NNMs are unchanged with the presence of the retarded time as seen in Eq. (66). The result is consistent with the discussion of [42] for two-bubble oscillation; Table 1 . For comparison to Fig. 3 , the effect of finite speed of sound is incorporated only in the retardation effect, while neglecting the radiation damping.
The numerical results are obtained form Eqs. (15) and (16) . The parameter of the retardation time is s Ã ¼ 0:86. Note that the peak amplitudes of c3 and c4 are substantially damped compared to Fig. 3 , and out-of-phase motions (c5 and c6) manifest in the neighborhood of N2.
the damping constant of the higher-frequency mode, corresponding to L2 of this study, decreases because of the presence of the retarded effect, while that of the lower-frequency mode is substantially increased.
Numerical results
The preceding weakly nonlinear analysis assumed smallamplitude perturbation and is valid only for the limited parameter space. In this section, large amplitude oscillations for a wide range of the driving frequency and the separation distance are presented.
An pair of equally-sized bubbles of 10 lm in radius with a fixed separation distance are driven by a sound pressure amplitude of 100 kPa. We put a small disturbance to the initial radius of bubble 2 in order to avoid a completely symmetric motion, and ðR 1 ð0Þ; R 2 ð0Þ; _ R 1 ð0Þ; _ R 2 ð0ÞÞ ¼ ð1; 1:01; 0; 0Þ is used for each x f . To be simple, the retarded effect is neglected in the following numerical calculation. In addition, we account for the well-known additional damping [35, 36] because the thermal damping dominates over the viscous damping for a resonant bubble in a wide range of equilibrium bubble sizes. The effective viscosity, m eff , and polytropic index,j eff ,for thermal behavior of the internal gas are given by a function of Peclet number, Pe ¼ x f R 2 10 =a th , where a th is the thermal diffusivity of the gas [44] . In the calculation, the governing equation is transformed into a C 1 equivalent dynamical system
[10] to achieve smoother oscillation in the transformed system since a singular behavior due to a violent collapse of a bubble oscillation leads to serious numerical errors. The classical forth order Runge-Kutta method is used for time integration. In Fig. 7 , time-radius curves of typical localized oscillation are plotted for case D with a fixed driving frequency. The oscillation amplitudes are attracted to a localized steady-state after the transient response decays although both motions of the bubbles look identical during the first eight oscillation periods. It is also interesting to note that the phase shifts of the oscillators converge to different values, and the bubbles collapse with a slight time lag. Fig. 8 shows the frequency response curve of the maximum bubble radii, R i max , obtained from the steady-state oscillation after 32 cycles of the driving period (Case D). The localized oscillations of the primary resonance demonstrated in the previous section are clearly observed. The in-phase localized oscillation as shown in Fig. 7(b) arise for a wide range of the driving frequency as can be expected from the discussion of N3 and N4, while out-of phase motions associated with mode N2 are suppressed by the presence of the additional thermal damping. As a result, the bifurcation structure is similar to Fig. 3 . In addition, symmetry-breaking bifurcation of superharmonic resonance is evident at x f % 0:40, while the perturbation analysis of this frequency range is not presented in this article. The symmetry-breaking bifurcation at the superharmonic resonance was numerically observed in coupled two Duffing oscillators [18] . Furthermore, the magnitudes of R 1 max and R 2 max are Table 1 . Table 1 . The sound pressure corresponds to 100 kPa. Table 1 .
switched at the resonance peaks. It follows that the magnitude of localized oscillation is sensitive, at the vicinity of resonance peaks, to microscopic fluctuation of initial conditions or an external disturbance with the magnitude of no more than 1 % of the initial bubble radii.
In order to explore bifurcation structures in x f À d Ã space, contour plot of the difference of the maximum amplitude, DR max ¼ ðR 2 max À R 1 max Þ=R 10 , as a function of the driving frequency and the separation distance is illustrated in Fig. 9 where the physical parameters of case E are used. In contrast to the weakly nonlinear case, localization occurs at short separation distances. This is because both the nonlinearity and coupling strength should be large enough to counterbalance the thermal damping. Therefore, the region of localization shifts toward a low-frequency and short-distance part of the x f À d Ã space which is a fairly typical parameter range used in practical experiments and simulations in the early literatures [8, 10, 11, 23, 41, 45] . It follows that even a single-sized bubble cloud can have complex bifurcation structures depending on the concentration of bubbles and the driving pressure amplitude at the nonlinear resonant frequencies.
Conclusion
We provided an asymptotic derivation of the steady-state solution and underlying nonlinear normal modes (NNMs) for the primary resonance of two spherical bubbles oscillating with a fixed separation distance. In the case of equal-sized bubbles, an approximate solution of the oscillation amplitude and the phase shift showed symmetry-breaking bifurcations, leading to multi-valued stable solutions in the neighborhood of the localized NNMs. The distinctive feature of these solutions is that localized oscillation can occur depending on the driving frequency and the separation distance between the bubbles; the synchronized steady-state motion becomes unstable in a certain range of the parameter space. In addition to the symmetry-breaking bifurcation, Hopf bifurcations turn out to occur for the case of lower damping constants (i.e., for larger bubbles). Requirements necessary for the occurrence of localized oscillation are summarized: (a) The partial natural frequencies of the individual bubbles are close enough to arise the internal resonance; (b) Bubbles are in resonance at the imposed driving frequency; (c) Steady-state oscillation are achieved; (d) The separation distance is within a proper range where the coupling strength counterbalances the nonlinearity of the radial dynamics; (e) Damping effects are not so strong to smooth out the energy distribution among the bubbles. Some of our numerical calculation showed that the localized oscillation occur for a fairly typical parameter range used in practical experiments and simulations in the literature. This makes it difficult to rigorously describe the bubble cloud dynamics since even a bubble cluster containing a small number of bubbles can have a large number of steady-states. However, the present bifurcation analysis offer improvements in the understanding of complex nonlinear behaviors of oscillating bubbles such as a formation of bubble structures and a sign reversal of the secondary Bjerknes force [46] . For future experimental applications of bubble oscillations, a single-sized bubble cloud in nonlinear resonance should therefore be designed with care in tuning the imposed sound frequency and the concentration of the bubbles. ðA:2Þ
For the stationary assumption to be justified, the translational velocities should be sufficiently smaller than Eq. (A.2). This condition is likely satisfied in many practical experiments of moderately forced bubbles [49, 50] except in the case of short-distance interaction. It can therefore be assumed that the translational motion has negligible contribution to the radial dynamics in the weakly nonlinear analysis. Furthermore, the contribution of temporal change of the separation distance, _ d Ã ðtÞ, is also on the order of Oð 4 Þ or less. Therefore, the assumption of dropping the translational dynamics does not violate the qualitative feature of the particular examples shown in Section 3.
Appendix B. List of the dimensionless parameters
The dimensionless parameters in Eqs. (14) and (15) The dimensionless parameters in Eqs. (22) and (23) and d4 at x f % 0:99. Similar bifurcation structures consisting of symmetry-breaking and Hopf bifurcations are expected in other coupled nonlinear oscillators more than three dimensional state space [18] .
